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1. Introduction. Throughout this paper K will denote an infinite dimensional complex Hilbert space, i-(H) will represent the algebra of all bounded linear operators on K, C(K) will be the collection of closed densely defined linear operators on K, and by A we shall mean the ideal of all compact operators on K. For 7 £ Qji), denote the spectrum of 7 by 2(7). Let rr be the canonical projection from Asi) onto the (Calkin) quotient algebra A_(H)/K.
For every 7 £ £(K) the spectrum E(7) of n(T) in £0i)/K will be called the Calkin essential spectrum of 7. For 7 £ Qji), the Browder essential spectrum, B(7), is defined to be the set of À £ 2(7) such that at least one of the following conditions holds: (1) RiX -7), the range of X -7, is not closed;
À is a limit point of 2(7); (3) U >n^-(A -T)"1 is infinite dimensional, where N(A) denotes the null space of a linear operator A.
Recall that a closed, densely defined operator 7 is called a Fredholm In view of the above notation, we have by Atkinson's theorem for 7 £ £(K) that E(7) = |A £ 2(7): X -7 4 <H Also, B(7) = {X £ 2(7): A-7 Í $n or X is not an isolated point of 2(7)1. For 7 £ £(H), the spectral radius of 7
shall be denoted by ra(T), and of n(T) by r (7 subsequences, it may be assumed that lim __ ^a = a. Therefore, aft BiT) + V, and a i BiT). Now by the upper semicontinuity of 2(-) and E(-), it is seen that a £ 2(7) and a 4 EiT ) tot all n greater than some N.
This yields that a is an isolated point of 2 (7) with finite nullity and zero index and, also, that (a -7 ) is a Fredholm operator for all n > N. Now -»(a -7)) [2, IV-5.17], it follows that the a 's are isolated points of 2(7 ) with finite nullity and zero index. This contradicts the fact that the a £ B(T ) and this yields the Lemma. Proof. Since the first inclusion is given by the preceding Lemma, it remains to prove the second. It may be assumed that V is a circle of radius 2e > 0. Now suppose that the inclusion is false. By using the boundedness of B(7) and passing to subsequences, if necessary, we can obtain a £ BiT)
such that \a -a\ > e for every a £ BiT ) and for infinitely many values of 77. On the other hand, by the continuity of 2(0 and E(-) on the set r [61, there exists a e 2(7 ) -E(7 ) such that a -> a and an e B(7) -E(7). n n n n 0 0 v '
By our assumption, a 4 B(T ) and is thus an isolated point of 2(7 ).
Therefore, by our hypothesis, a lies on the boundary of 2(7). In view of Example. Set Kn= {(x, y)\x2 + y2 < 1, |y| > \x/n\\ u\l/n\, where 77 > 2.
It is clear that K converges to the unit disc in the Hausdorff metric. However, the isolated points of K converge to an interior point of the disc. -W(TJ tot sufficiently large n, aQ e W(T) -E(T) and lim ^a = aQ.
Again by the stability of the index for Fredholm operators, it follows that the index of (a -7) is zero. This yields a contradiction and completes the proof of the theorem.
The following is an immediate consequence of above results. 2(7) =0 and VOS(7) =0.
Since A = VH 2(7) is a bounded subset whose intersection with B (7) is empty, it follows that the spectral projection PA associated with A has finite rank. Therefore there exists a positive integer k such that for every n > k we have dV Pi 2(7 ) =0 and P. has finite rank where A = V O 2(7 ) Proof. Since the complement of V U V isa compact set whose intersection with B(7) is empty, the result follows from Theorem 3.1. 
